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In the paper, we address the partial regularity of solutions of the Navier-Stokes system. Earlier, we have proved that the one-dimensional parabolic Hausdorff measure of the singular set is zero under the assumption that the force f belongs locally to L 5/3 . Here we prove the same statement under a more general assumption that the Morrey norm in
5/7 of the force is sufficiently small. We do so by establishing a fractional integration theorem using the Morrey spaces and by a suitable iteration using a localized version of the Morrey norm.
Introduction
The goal of this paper is to address the partial regularity of solutions of the 3D Navier-Stokes equations
under minimal assumptions on the force.
In [19, 21] , Scheffer initiated the theory of partial regularity for the NSE by estimating the Hausdorff dimension of the singular set (for earlier results on partial regularity of solutions of elliptic systems, cf. [7] ). In a classical paper [1] , Caffarelli, Kohn, and Nirenberg proved that the one-dimensional parabolic Hausdorff measure of the singular set equals zero under the condition f ∈ L 5/2+δ for δ > 0 (cf. also [6, 11, 13, 18, 20] for partial regularity results in the time variable). Alternative proofs were later given by Lin [14] and Vasseur [26] under the same assumption on the force (see also [12] ). In [15] , Ladyzhenskaya and Seregin proved the CKN partial regularity result (i.e., that the parabolic Hausdorff measure of the singular set is zero) under the condition that the force belongs to a parabolic Morrey space L 2 1+δ where 0 < δ < 4 (cf. (2.2) below for the definition). We note that this Morrey space is in the same scaling class as L 5/2+δ 0 , where δ 0 = 5δ/2(4 − δ), the space treated in [1] . In our recent paper [8] , we have found an easier proof of the CKN result which connects the approach of [1] with a fractional integration theorem for Morrey spaces. By [8] , the CKN partial regularity result holds under the assumption f ∈ L 5/3+δ where δ > 0. The definition of the regular point has to be changed from the requirement of local boundedness u to the requirement that u locally belongs to a Serrin's class L 5 . The regularity when the force is smooth under
x with 2/s + 3/r = 1 is due to Serrin and Struwe [22, 24] when r < 3 and to Escauriaza et al. [4] in the difficult case r = 3. In [9] , we proved the CKN partial regularity theorem under the borderline assumption f ∈ L The purpose of this paper is to prove a partial regularity theorem for the Navier-Stokes equations under the assumption that the force f belongs to a borderline Morrey space L 10/7 5/7 . Already in [9] we proved that the set of points where the solution (u, p) does not belong to a borderline Morrey space has the one-dimensional parabolic Hausdorff measure equal to zero. However, the approach from [8] [9] [10] cannot be used to prove that u belongs to a Serrin class of regularity.
In the present paper, we prove that if (u, p) belongs to a local regularity class from [9] , then the difference of the velocity from a small regular solution is locally bounded; for the statement, cf. Theorem 2.1 below. This completes the partial regularity theory for forces f ∈ L 10/7 5/7 with a small Morrey norm. (Note that the exponent 10/7 is needed to make sense of the integral f uφ in the definition of a suitable weak solution.) The main improvement over the strategy used in [8, 10] is that the local iteration is not performed with the Lebesgue norms but rather with a localized version of the Morrey norm M, introduced in (2.11) below.
The paper is organized as follows. The main result is stated in Theorem 2.1 below, with Theorem 2.2 containing the partial regularity result from [9] . The proof is based on a sequence of lemmas of independent interest; in particular, Lemma 2.3 contains a fractional integration theorem involving parabolic Morrey spaces. Lemma 2.5 provides a local existence result for a solution with a force with a small Morrey norm L 10/7 5/7 . Lemma 2.6 is a technical lemma on bootstrapping the order of vanishing for the functional θ which is, further below in Lemma 2.7, a sum of the localized Morrey norms of the velocity and the pressure; the localized Morrey norms are introduced in (2.11) below. The main step in the proof of the main theorem is Lemma 2.8, which shows local boundedness of the difference of velocities. 
Notation and the main theorem
for all φ ∈ D(D), and (iv) the local energy inequality holds in D, i.e.,
The condition (ii) is needed so that the last term on the right of (2.1) is well defined. First, we set up the necessary
be the parabolic cylinder centered at (x 0 , t 0 ), and let
be the parabolic cylinder with the top label point (x 0 , t 0 ). We abbreviate Q r = Q r (0, 0) and
and let L 
where χ V is the characteristic function of V, and let L q λ (V) be the set of measurable functions v on V such that
Let μ 0 be a sufficiently small universal constant which is to be specified below. 
For the meaning of the strong integral solution, cf. Lemma 2.5 below.
In the proof of Theorem 2.1, we shall not need the assumption (iv); however, (iv) is needed for Theorem 2.2 below. We note that by Hölder's inequality, we have f L
For completeness, we restate one of the main results from [9] estimating the parabolic Hausdorff dimension of the set S when the local L 10/7 5/7 norm of the force f is sufficiently small. [9] .) There exists a constant * > 0 with the following property:
Theorem 2.2. (See
Note that the above statement implies P 1 (S) = 0 where P 1 denotes the one-dimensional parabolic Hausdorff measure [1] . From [1] , recall that P 1 (S) = 0 means that for every > 0 there exist points (
where the constant C depends on α, λ, q, p, and μ.
. Lemma 2.3 for the case μ = 0 was proven in [10] . It states that under all the conditions in the lemma, we have
withp as in (2.4). We note that an analogous statement also holds with the classical Morrey spaces replacing the parabolic Morrey spaces in Lemma 2.3. For a measurable function g :
Then the following statement holds.
where the constant C depends on α, λ, q, and p.
For other properties of classical Morrey spaces cf. [2, 3, 16, 17, 25] . 
Proof of Lemma 2.3. Fix
Summing up the geometric series, we get for (
and thus
Using also (2.6), we obtain 
with the initial condition u(·, 0) = 0 for which u L 
A solution is strong integral if u(·, t) = 0 for t < 0 and
where 
and Lemma 2.3, we get
. 
First, using the Calderón-Zygmund theorem, we have
.
On the other hand, for k ∈ N, (2.11) with the label point (x 0 , t 0 ) omitted if it coincides with the origin. This quantity may be compared with the local Morrey norm (2.3). Clearly, c . Now, let (x, t) ∈ R 3 × R and r > 0 be arbitrary. We shall prove t 1 ) be the point in Q * r (x, t) which is the closest to (x, t) in the usual euclidean metric in R 4 . It is easy to verify that t 1 ) ) .
We may thus without loss of generality assume that (x, t) ∈ Q * r 0
. Now, if r r 0 , then
and (2.13) is established.
Lemma 2.7. Let (u, p) be a solution of (2.10), i.e., 
, and denote
from where
where G(x, t) = (4πt) −n/2 exp(−|x| 2 /(4πt)) for t > 0 and G(x, t) = 0 otherwise. Below, we shall use the pointwise bound
For I 1 , we use Lemma 2.3 with μ = 0 to obtain , ρ, ρ .
In order to bound I 2 , note that the integrand in the definition of I 2 vanishes on Q * 3ρ/4 whenever (x, t) ∈ Q * r . Therefore, for
from where, using Hölder's inequality, , ρ, ρ
Analogously,
Finally, we need to bound
Taking the divergence of the first equation in (2.14),
we get
and thus (2.18) where N(x) = −1/4π |x| is the Newtonian potential. Denote
by [23] , the upper bound for J 1 is the same as that for I 1 . As in [10] , we rewrite
We thus get
(|u|
and the estimate for J 2 is the same as the one for I 2 leading to , ρ, ρ .
The upper bound for J 3 is the same as that for J 2 . For J 4 , we have
(|p η|)(y, s)
dy ds
whence by analogous arguments as before,
The estimate for J 5 is the same. Collecting the above inequalities and dividing by r 1/2 leads to , ρ, ρ
, ρ, ρ (2.19) where
In order to obtain an estimate for the pressure, we use the representation (2.18). By the Calderón-Zygmund theorem, we get
For the second term π 2 , we have
The same bound holds for π 3 . Now, for π 4 , we have
The same estimate holds for π 5 . In summary,
(2.20)
The inequalities (2.19) and (2.20) are for the cylinders centered at (0, 0). By translation, we conclude that they also hold when the center point is an arbitrary ( , ρ, ρ , ρ, ρ 
